Abstract-We describe a new method of 3D image reconstruction of neutron sources that emit correlated gammas (e.g. Cf-252, Am-Be). This category includes a vast majority of neutron sources important in nuclear threat search, safeguards and non-proliferation. Rather than requiring multiple views of the source this technique relies on the source's intrinsic property of coincidence gamma and neutron emission. As a result only a single-view measurement of the source is required to perform the 3D reconstruction. In principle, any scatter camera sensitive to gammas and neutrons with adequate timing and interaction location resolution can perform this reconstruction. Using a neutron double scatter technique, we can calculate a conical surface of possible source locations. By including the time to a correlated gamma we further constrain the source location in three-dimensions by solving for the source-to-detector distance along the surface of said cone. As a proof of concept we applied these reconstruction techniques on measurements taken with the the Mobile Imager of Neutrons for Emergency Responders (MINER). Two Cf-252 sources measured at 50 and 60 cm from the center of the detector were resolved in their varying depth with average radial distance relative resolution of 26%. To demonstrate the technique's potential with an optimized system we simulated the measurement in MCNPX-PoliMi assuming timing resolution of 200 ps (from 2 ns in the current system) and source interaction location resolution of 5 mm (from 3 cm). These simulated improvements in scatter camera performance resulted in radial distance relative resolution decreasing to an average of 11%.
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I. INTRODUCTION
T HE practice of radiation imaging is well established in fields as diverse as medicine [1] , [2] , astronomy [3] , [4] , and nuclear safeguards and non-proliferation [5] , [6] . Radiation imaging cameras function by either: 1) modulating the incident radiation, or 2) tracking the multiple scatters of incident particle in the detector medium. Hal Anger was the first to develop a gamma camera through the use of multichannel collimators to modulate incident radiation [7] . The same principle can be applied with more complex coded aperture masks, which are analogous to superimposed pinhole cameras, to image both thermal and fast neutrons [8] , [9] .
The technique introduced in this paper is an extension of the second category of radiation cameras which track multiple scatters to reconstruct source location. In gamma ray imaging, these are called Compton cameras [5] , and are a mature technology with commercially available portable cameras [10] . The neutron scatter camera functions in an analogous way to the Compton camera, but with the use of the time-of-flight (TOF) between the first two scatters to determine the incident neutron energy [11] .
The discussion so far has been limited to 2D imaging systems, but in principle any radiation camera can produce 3D reconstruction of a source. The most common approach is to take multiple 2D images from different views, and combine them to form 3D rendering of the source. This technique is used in Single Photon Emission Computed Tomography (SPECT) and Positron Emission Tomography (PET) to image radioisotopes inside a patient [1] . More recently researchers at Lawrence Berkeley National Laboratory have used a variation of this technique, combined with 3D rendering of physical space, to reconstruct source locations in real time [12] . All of these techniques require multiple views of the source and some freedom of movement.
Single-sided 3D imaging has been demonstrated in Compton cameras by taking advantage of the parallax effect [13] . However, parallax techniques require a large solid angle coverage to function as a modality at all, whereas our method only requests solid angle coverage to increase efficiency. Furthermore, our technique would function at any distance with a portable system, even if it required long dwell times. Parallax by comparison would be restricted by system size and require close enough source-to-detector distances to function in the first place. This makes our technique potentially valuable for nuclear inspection, emergency response and treaty verification, where multiple views of the object of interest may be restricted, even though the location of the source is known.
A single system can image both neutrons and gammas if the underlying detectors are sensitive to both particle types. Such scatter camera systems were constructed as radiation telescopes for astronomy [4] , and more recently for standoff detection in nuclear security applications [14] . We employ this class of scatter camera to project a cone of possible source locations using the double neutron scatter principle.
Source location is then further bound to a slice of the cone by adding a further constraint imposed by the time to a correlated gamma. Therefore each detected neutron double scatter with a coincident gamma yields a ring of possible source locations in space. In this regard our technique is similar to PET which requires the simultaneous emission of two gammas, detection of which yields a line of possible source locations. This new imaging technique utilizes an inherent property of majority of neutron sources important in nuclear threat-search, safeguards and non-proliferation: the coincident emission of neutrons and gammas. These sources include those undergoing spontaneous and induced fission [15] , a property of Special Nuclear Materials (SNM), and common (α,n) sources that leave the remaining nucleus in an excited state leading to prompt gamma emission [16] . From the point of view of our detectors the emission of prompt gammas is essentially simultaneous to the emission of coincident neutrons.
II. METHODS

A. Neutron double scatter imaging
Measurement of a double-scatter neutron provides a conical surface of possible source locations with the vertex at the first neutron scatter (n 0 ) and axis defined by the location of two scatters. In a traditional segmented scatter camera, each scatter is measured as a separate interaction within any two detector cells of the measurement system. The incident neutron energy and by extension velocity of the incident neutron (v n ) can also be calculated from this measurement [11] .
The outgoing energy following the first neutron scatter is calculated by the time-of-flight (∆t n0,n1 ) to the second scatter:
where d n is the distance between the two scatters. The outgoing energy is then summed with the energy lost due to proton recoil (E p ) in the first scatter which gives the initial incident energy of the neutron:
From this we can establish the opening angle of the cone of possible source locations by
The cone has its axis defined by a vector from the second to first scatter. The resulting cone projection of source locations is illustrated in Fig. 1 . The next step for 2D neutron imaging is to chose a reasonable projection distance, and display the image formed from the overlapping regions of the projected cones. We will demonstrate that by measuring a coincident gamma with a double scattered neutron it is possible to calculate the distance from the first neutron scatter to the possible source locations along the surface of the cone. 
B. New method for 3D reconstruction
Our new imaging technique requires the detection of gammas (γ) in coincidence with double scattered neutrons. This is made possible with fast organic scintillators capable of discriminating between incident neutrons and gammas. An illustration of the first neutron scatter (n 0 ) and the correlated gamma is shown in Fig. 2 . R n and R γ are the distances from a possible source location to the neutron and gamma interactions, respectively. The goal is to solve for R n in order to constrain the possible source location to the third dimension along the surface of the cone. The two unknown distances R n and R γ , and the known distance d triangulate the location of the source along the azimuthal angle (φ) around the cone of possible source locations. We use the law of cosines to relate these variables in a parametric equation
where µ is the cosine of the angle between the cone surface and the vector − → nγ
R n is a unit vector pointing from the vertex of the cone to any possible source location along cone surface. Along with implicitly measuring the locations of γ and n 0 interactions we also measure the time difference (∆t) between them. This gives us the second equation that relates R n and R γ :
Using (4) and (6) we solve the quadratic equation for the distance R n from the first neutron scatter to the source. Given that the velocity of the neutron is always less than the speed of light, v n < c, the only valid solution for this distance is
The parametric solution to (7) allows us to define a slice of possible source locations from the double neutron scatter cone. Therefore, measurement of a double-scattered neutron with a correlated gamma will yield a "donut" in 3D space, as shown in Fig. 3 , of possible source locations. This torus-like shape is analogous to PET's line-of-response for a measured pair coincident gammas. Multiple such events further constrain the distribution of possible source locations by superposition of the torus-like shapes in 3D space. The region of overlap among those shapes will reveal the true source location. Fig. 3 . Possible source locations for a single measured correlated events shown as colored spheres. The first (red) and second (blue) neutron scatter define the central axis of the cone and the opening angle, and the correlated gamma (green) constrains the radial distance to form the resulting "donut" shape. The superposition of many donuts will reveal the source location in the overlapping region. For illustrative purposes we show the same object from two different angles.
C. Stochastic Origin Ensemble
Stochastic Origin Ensemble (SOE) was used in an effort to improve the final reconstructed image. It is an application of the Metropolis-Hastings algorithm which improves the reconstruction quality over standard back-projection. It is not required for image reconstruction in our technique, but it was used here because it has been shown to improve image quality of dual-particle imaging systems [17] .
The basic idea behind SOE is to sample the measured quantities (time, interaction location, energy resolution) with appropriate uncertainties and estimate the source distribution as a probability density function (PDF). The PDF is estimated as the density of source locations averaged over all iterations of the SOE algorithm. Details of the SOE algorithm as applied to Compton imagers is given in [18] .
The rarity of measuring a coincident gamma with a double scattered neutron meant we only had a few thousand events to perform 3D reconstruction. Accurate estimation of the source PDF, a key step between iterations in SOE, is made difficult by the sparsity of the 3D space. As a solution a Kernel Density Estimator (KDE) was used to calculate the density at each source location. We found that the Epanechinkov kernel provided optimal results at reasonable computing times. The bandwidth parameters that were close to the resolution of the system (2-6 cm) appeared to work the best. The Scikit-learn machine learning package for Python was used to compute the requisite density estimations [19] .
III. EXPERIMENTS To test this technique we used the Mobile Imager of Neutrons for Emergency Responders (MINER), developed by
Sandia [20] . It is an array of sixteen 7.62×7.62 cm EJ-309 cylindrical detectors packaged in a larger cylindrical form-factor for portability and symmetry which allows for omnidirectional (4π) imaging. The portability comes at the expense of imaging resolution because adjacent cells centers are only 11.9 cm apart.
Two equal strength, 26.7 µCi, Cf-252 sources were measured 50 and 60 cm away from the center of MINER. The two sources were placed 45
• apart as shown in Fig. 4 . The centers of each detector cell were taken as the position of the incident particle interaction. MINER has a timing resolution of about 2 ns and interaction location resolution of at least 3 cm.
To demonstrate the 3D reconstructions best achievable capability we also simulated the same experiment, with MINER, and assumed timing resolution of 200 ps and interaction location resolution of 5 mm. The former is possible with fast photomultiplier tubes (PMTs) or silicon photomultipliers (SiPMs) [21] . The latter can be achieved by using smaller detector cells, or using multiple readouts to better localize the event of interaction. MCNPX-PoliMi was used to perform the requisite simulations [22] .
IV. RESULTS AND DISCUSSION
A. Image Reconstruction
Admittedly it is a challenge to display 3D results on a two-dimensional sheet of paper. The reconstruction method used provides the Cartesian coordinates (x, y, z) of possible source locations. We converted these to spherical coordinates and chose to display the bi-variate histograms of the polar and azimuthal angles in Fig. 5 . This bi-variate histogram is essentially a 2D image of the source from the point of view of the detector. We marked each source by red (50 cm source) and blue (60 cm source) squares. The source points from those marked regions were used to estimate the radial distance and azimuthal angle resolutions.
The corresponding histograms of the radial distance (r) to the detector and the azimuthal angle for each source are shown in Fig. 6 . Fig. 7 shows a top-down view of the sources by looking at source particle densities projected on a polar plane. In all images and distributions shown each source point was weighted by r 4 in order to account for the efficiency of detecting two correlated particles.
In both measurement and simulation the two sources are clearly resolved in both radial distance and angular space. The 2D image from the measurement shows some reconstruction artifacts, likely caused by the application of SOE. These are largely due to the choice of a narrow bandwidth parameter, which improves resolution at the cost of having these artifacts in the final reconstruction. Nevertheless, the final image reconstruction of these point sources was not very sensitive to the selection of a bandwidth parameter from 2 to 10 cm.
B. Radial Distance and Angular Resolutions
We estimated the radial distance and angular resolutions for both measurement and simulation from the isolated source point distributions shown in Fig. 6 . In order to estimate resolution we looked at the Full Width Half-Maximums (FWHM) of each distribution and also the peak locations (or centers) for a measure of accuracy. Both parameters were estimated by interpolating through the points in the distributions. The radial distribution and angular distribution parameters are shown in Table I and II, respectively.
The radial distance relative resolution, the ratio of FWHM and peak location, averaged at 26% for the measurement and 11% for the simulation. The angular resolution for the measurement improved from FWHM of 23
• to 15
• with source-to-detector distance. The simulation results have an improved azimuthal FWHM of 11
• for both sources. There is an apparent skewness of the radial distance distribution of the 60 cm source in the direction of the 50 cm source, which may contribute to the increase in absolute FWHM. This is due to some 50 cm source points present in the same angular region of the 60 cm source. It is purely a matter of the nearly double relative efficiency of detecting correlated signature from a source that is 20% closer.
The peak location for the measurement is off by 5.8 cm for the 50 cm source. If the source locations are not weighted by radial distance this discrepancy drops to 2.1 cm. By contrast the 60 cm source peak location is off by only 1.5 cm. This shift in peak location is not exhibited in the simulated system with better timing and interaction location resolution. We believe that this effect is caused by both the weighting of source locations and the presence of the 60 cm source. Weighting source location by radial distance taken to the fourth power is necessary in order to account for the r −4 drop in a efficiency. However, the weighting skewed the radial distribution of the 50 cm source toward the 60 cm source due to the significant overlap in the both radial distribution. By contrast the radial distributions of the simulated sources were well separated, as seen in Fig. 6 , and the peak locations matched the true locations of the sources.
C. Uncertainty Quantification
Uncertainty quantification was performed using linear error propagation theory [23] to determine error contributions from timing and interaction location resolutions on the radial source-to-detector distance. The overall timing resolution had over twice the error contribution compared with the interaction location resolution. The gamma timing was nearly six times more important than the neutron timing, which makes sense given the relative speed of each particle. By contrast the neutron interaction location contributed nearly an order of magnitude more compared with the gamma interaction location. The first neutron interaction location had double the contribution of the second interaction.
In conclusion, the gamma timing resolution and neutron interaction location resolution are the primary contributors to uncertainty in radial source-to-detector distance. This was true for the measurement with timing resolution of 2 ns and interaction location resolution of 3 cm. At the simulated resolutions of 200 ps and 5 mm, the uncertainty in the proton recoil energy from the first neutron scatter (E p ) was the limiting factor. This includes the effects of energy resolution and calibration of the detector and measurement of light output response. The current practice involves fitting light output response to an empirical formula [24] , [25] . Improvements could be made by better characterization of the detector response, but the estimation of the proton recoil energy would ultimately be limited by the low energy resolution of organic scintillators.
V. CONCLUSIONS
We developed a method for 3D reconstruction of sources that emit correlated gammas and neutrons. The technique is distinguished from traditional 3D radiation imaging methods by only requiring a single-sided measurement of the source. And unlike parallax, it only requests large solid angle coverage to increase efficiency not enable function. The method proposed here is an extension of double neutron scatter imaging, combined with a correlated gamma to constrain the source location to the third dimension.
It is possible to resolve two sources of equal strength 10 cm apart using a portable scatter camera with sub-optimal timing and angular resolution. Simulated results show a four fold improvement in depth and angular resolution if the timing and interaction location resolution were improved. Such improvements could be attainable with current technology. Furthermore the detector cell geometry and size could be further optimized to improve localization resolution while maintaining adequate efficiency.
The efficiency of detecting a correlated neutron-gamma pair decreases as r −4 , where r is the radial distance between source and detector system center. Therefore it is not an ideal technique for standoff detection, although efficiency could be scaled with number and size of detector cells. However, this technique could prove valuable in application where access to the object of interest is limited. For example, this could include inspection of nuclear facilities for safeguards or treaty verification.Furthermore, neutron sources that emit correlated gammas (e.g. fission, (α,n)) are ubiquitous and include the vast majority of sources of concern in the above mentioned applications.
